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Abstract
The conformational properties of ﬂexible polymer macromolecules grafted to an attractive partially penetrable
surface with fractal dimension dpcs = 91/49 are studied. Employing computer simulations based on the pruned-
enriched Rosenbluth chain-growth method, estimates for the surface crossover exponent and adsorption transition
temperature are found. Our results quantitatively reveal the slowing down of the adsorption process caused by the
fractal self-similar structure of the underlying substrate.
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1. Introduction
The study of polymers near disordered surfaces is of great importance, since most naturally occurring substrates
are rough and energetically (or structurally) inhomogeneous. Surface heterogeneity has a crucial eﬀect on polymer
adsorption phenomena [1, 2, 3, 4, 5]. Since most chemical substrates are proved to be of fractal nature [6], studying
the inﬂuence of a non-trivial surface geometry on polymer adsorption is of particular interest. It is established [7] that
the adsorption process is enhanced (diminished) when the fractal dimension of the substrate is larger (smaller) than
that of a plain Euclidean surface. A number of studies has been dedicated to polymer adsorption on a family of ﬁnitely
ramiﬁed fractals [8, 9, 10]. Also of great importance is the study of polymers in the vicinity of ﬂuctuating surfaces,
such as membranes [11].
Energetical inhomogeneity arises due to the presence of various chemical compounds in the substrate, interacting
with the monomers of the polymer chain in a diﬀerent manner. In the language of lattice models, such surfaces can
be modeled as a two-dimensional regular lattice with diﬀerent types of randomly distributed sites, e.g., one type with
attractive interactions with the monomers and the other one being neutral (treated as defects or impurities). In this
concern, it is worthwhile to study the situation when the concentration of attractive sites on the surface is exactly at
the percolation threshold and a spanning percolation cluster of attractive sites appears [12]. A percolation cluster is a
fractal object with fractal dimension dpcs = 91/49  1.89 [13]. The neutral sites of the surface (which do not belong
to the percolation cluster) could be considered as penetrable for the polymer chain, so the polymer is adsorbed on an
attractive fractal with fractal dimension dpcs . This can thus model the process of polymer adsorption on an attractive,
partially penetrable membrane, which could be of interest in biophysical applications.
In the present paper, we report a careful computer simulation study of polymer adsorption on a fractal substrate
formed by a percolation cluster on a two-dimensional square lattice.
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2. Methods
We start with a regular two-dimensional lattice of edge lengths up to Lmax = 400, each site of which is assigned
to be occupied with percolation probability pc and empty otherwise. To extract the percolation cluster of occupied
sites, which spans around the lattice, an algorithm based on the site-labeling method of Hoshen and Kopelman [14]
has been applied.
The polymer chain is modeled as a self-avoiding walk (SAW). To study the conformational properties of SAWs,
grafted to the substrate formed by a percolation cluster, we apply the pruned-enriched Rosenbluth method (PERM)
[15]. The starting point of a SAW is ﬁxed on a random site which belongs to the percolation cluster. Note, that
this starting site is always chosen within a small region around the center of a given percolation cluster to allow the
adsorbed polymer chain conﬁgurations to be completely located on the cluster. We treat this disordered surface as the
z = 0 plane of a regular three-dimensional cubic lattice. The chain grows step by step, i.e., the nth monomer is placed
at a randomly chosen neighbor site of the last placed (n − 1)th monomer (n ≤ N), taking into account that the chain
cannot “penetrate” through the occupied sites of the surface (belonging to the percolation cluster), but only through
the empty sites. The growth is stopped, if the total length of the chain, N, is reached (we consider SAWs of length
up to N = 150). The adsorption energy En of a growing chain at the nth step is given by En = Ns(n) ε, where ε is
the attractive energy between monomers and the percolation cluster sites and Ns(n) is the number of contacts of the
polymer chain with attractive sites.
A weight Wn is given to each sample conﬁguration at the nth step, which in our case is given by
Wn =
n∏
l=2
mle
− El−El−1kBT . (1)
Here, ml is the number of free lattice sites to place the lth monomer and kB is the Boltzmann constant. In what follows,
we will assume units in which ε = −1, kB = 1. Pruning and enrichment are performed by choosing thresholds W<n and
W>n depending on the current estimate of the partition sum [15].
Note that in the problem under consideration, a double averaging has to be performed: the ﬁrst 〈...〉 over all
conﬁgurations of the polymer chain grafted to a single percolation cluster; the second average 〈...〉 is carried out
over diﬀerent realizations of disorder, i.e., over diﬀerent constructed percolation clusters. We constructed M = 1000
clusters.
3. Results
The adsorption transition is in general viewed as a second-order phase transition [16] with the averaged fraction
of monomers on the surface 〈Ns〉/N serving as order parameter. It tends to zero in the high-temperature (bulk) regime
for T > TA and becomes macroscopic close to the adsorption transition temperature [16]:
〈Ns〉/N ∼
⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
N , T > TA,
Nφs−1, T = TA,
const, T < TA,
(2)
where φs is the universal surface crossover exponent. In the adsorbed phase for T < TA, the fraction 〈Ns〉/N is
independent of N. For a homogeneous surface these parameters are known [17] to be φs(d = 3) = 0.484 ± 0.002 and
TA(d = 3) = 3.5006 ± 0.0009.
Our analysis of the temperature behavior of the order parameter 〈Ns〉/N for chain length N = 150 is shown in
Fig. 1. The number of contacts with attractive sites of the surface increases monotonically as the temperature is
lowered and becomes macroscopic within a short temperature interval close to the adsorption transition. At each
temperature, the number of adsorbed monomers on the homogeneous surface is larger than that on the percolation
cluster due to stronger attraction to the surface. Note that due to the complicated fractal structure of a percolation
cluster, it requires a very long observation time for a polymer to ﬁnd a conﬁguration in the ground state with lowest
adsorption energy (corresponding to 〈Ns〉/N = 1).
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